Szeged index of TUC4C8(S) nanotubes  by Heydari, Abbas & Taeri, Bijan
European Journal of Combinatorics 30 (2009) 1134–1141
Contents lists available at ScienceDirect
European Journal of Combinatorics
journal homepage: www.elsevier.com/locate/ejc
Szeged index of TUC4C8(S) nanotubes
Abbas Heydari, Bijan Taeri
Department of Mathematical Sciences, Isfahan University of Technology, Isfahan 84156-83111, Iran
a r t i c l e i n f o
Article history:
Available online 10 October 2008
a b s t r a c t
The Szeged index of a graph G is defined as Sz(G) =∑
e∈E(G) nu(e)nv(e), where nu(e) is the number of vertices of G
lying closer to u than to v, nv(e) is the number of vertices of G
lying closer to v than to u and the summation goes over all edges
e = uv of G. In this paper we find an exact expression for Szeged
index of TUC4C8(S) nanotubes, using a theorem of A. Dobrynin
and I. Gutman on connected bipartite graphs (see [A. Dobrynin,
I. Gutman, On a graph invariant related to the sumof all distances in
a graph, Publ. Inst.Math. Nouvelle ser. tome 56 (70) (1994) 18–22]).
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
A topological index is a real number related to a molecular graph. It must be a structural invariant.
It does not depend on the labelling or the pictorial representation of a graph. There are several indices
that have been defined and many of them have found applications as means to model chemical,
pharmaceutical and other properties of molecules. The Wiener index is the first topological index
to be used in chemistry [31–36]. It was introduced in 1947 by Harold Wiener, as the path number
for characterization of alkanes. In chemical language, the Wiener index is equal to the sum of all
shortest carbon–carbon bond paths in a molecule. In graph theoretical language, the Wiener index is
equal to the count of all shortest distances in a graph. We encourage the reader to consult the special
issues of MATCH Communication in Mathematics and in Computer Chemistry [20], Discrete Applied
Mathematics [20,12,13], for information on results on theWiener index, the chemical meaning of the
index and its history.
Ivan Gutman [15] introduced a generalization of the Wiener index for cyclic graphs called Szeged
index. This generalization was conceived by Gutman at the Attila Jozsef University in Szeged, and so
it was called the Szeged index. It is useful to mention here that Gutman in his 1994 paper proposed
the existence of the cyclic index and abbreviated it by W*. In that paper he has not given any name to
this index. It was in [29] the index named Szeged index and abbreviated as Sz. For more information
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Fig. 1. A TUC4C8(S) nanotube.
about Szeged indexwe encourage the reader to consult [16–23,30]. Themain advantage of the Szeged
index is that it is a modification ofWiener index for cyclic graphs; otherwise, it coincides withWiener
index. The Szeged index is obtained as a bond additive quantity where bond contributions are given
as the product of the number of atoms closer to each of the two end points of each bond.
Carbon nanotubes form an interesting class of carbon nanomaterials. These can be imagined as
rolled sheets of graphite about different axes. There are three types of nanotubes: armchair, chiral and
zigzag structures. Further nanotubes can be categorized as single-walled andmulti-walled nanotubes
and it is very difficult to produce the former. In 1991 Iijima [28] discovered carbon nanotubes as
multi-walled structures. Carbon nanotubes show remarkable mechanical properties. Experimental
studies have shown that they belong to the stiffest and elastic known materials. Diudea was the
first chemist who considered the problem of computing topological indices of nanostructures (see
for example [4–10]). Recently computing topological indices of nanostructures have been the object
of many papers. In a series of papers, Diudea and coauthors [4–10] studied the topological indices
of some chemical graphs related to nanostructures. In [1–3,37,38] Ashrafi and coauthors computed
some topological indices of nanotubes. In [14,25,26] the Szeged index of some nanotubes is computed.
In this paper we continue this program and compute the Szeged index of TUC4C8(S) nanotubes (see
Fig. 1).
Let us recall some algebraic definitions that will be used in the paper. Let G be a connected graph,
the set of vertices and edges of G will be denoted by V (G) and E(G), respectively. If e is an edge of G
connecting the vertices u and v of G, then we write e = uv. The distance between a pair of vertices u
and v of G is denoted by d(u, v). The Wiener index of the graph G is the sum of distances over all its
vertex pairs (u, v)
W (G) =
∑
u,v
d(u, v).
The distance sum of a vertex u of G is defined as d(u) =∑x∈V (G) d(u, x). So we have
W (G) =
∑
u∈V (G)
d(u).
Let Bu(e) be the set of all vertices of G lying closer to u than to v and Bv(e) be the set of all vertices of
G lying closer to v than to u, that is
Bu(e) = {x | x ∈ V (G), dG(x, u) < dG(x, v)}
Bv(e) = {x | x ∈ V (G), dG(x, v) < dG(x, u)}.
Let nu(e) = |Bu(e)| and nv(e) = |Bv(e)|. The Szeged index of G is defined as
Sz(G) =
∑
e∈E(G)
nu(e)nv(e).
Firstly we note that TUC4C8(S) is a bipartite graph. Recall that a graph G is said to be a bipartite if
its vertices V (G) can be partitioned into two subsets M and N such that each edge of G connected a
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Fig. 2. A TUC4C8(S) lattice with p = 4 and q = 6.
vertex ofM to vertex of N , or equivalently, every cycle has even length (see [24, Theorem 2.4]). So we
can use a theorem of Dobrynin and Gutman [11] on bipartite graphs. We state the theorem for the
convenience of the reader.
Theorem 1 ([11, Theorem 3]). If G is a connected bipartite graph with n vertices and m edges, then
Sz(G) = 1
4
(
n2m−
∑
e∈E(G)
(d(u)− d(v))2
)
. (1)
2. Computing the Szeged index of TUC4C8(S) nanotubes
Let p be the number of squares,which is equal to the number of octagons, around the circumference
of TUC4C8(S), and let q be its length. In this section we derive an exact formula for the Szeged index of
T (p, q) := TUC4C8(S) using Theorem 1. For this purpose we choose a coordinate label for vertices of
T (p, q) as shown in Fig. 2. Note that, as is it clear from Fig. 2, T (p, q) has 4p vertices on each level, and
has q vertices on each vertical line through an arbitrary vertex. The graph of T (p, q) is called short, if
q ≤ p and is called long, if q > p. In [27] a MATHEMATICA [36] program that generates the graph of
T (p, q) is given.
Obviously the number of vertices and the number of edges of T (p, q) is n = |V (G)| = 4pq and
m = |E(G)| = 6pq− 2p. Thus we need to compute d(u)− d(v), for all edges e = uv.
To compute (1) we need to compute d(xi,t) − d(yi,t), d(xi,t) − d(xi+1,t) and d(yi,t) − d(yi+1,t), for
all 0 ≤ i < q and 0 ≤ t < 2p such that xi,tyi,t , xi,txi+1,t and yi,tyi+1,t are edges of the graph. For other
adjacent vertices u and v of the graph, we have d(u)− d(v) = 0. Since by the symmetry of nanotube
for each horizontal edge uv the vertices u and v have equal distance sum. The following three lemmas
are proved in [27], which are brought for the convenience of the reader. In Lemma 1 we compute the
subtraction of the summation of distances between x0,p and vertices xk−1,t , yk−1,t at the (k−1)th row
of the graph from the summation of distances between x0,p and vertices xk,t , yk,t at the kth row of the
graph (in Fig. 2 we have p = 4). By symmetry of T (p, q), with respect to vertical lines through vertices,
the result is true for vertices x0t for 0 ≤ t < 2p. If t ≥ 2p we consider label xk,t or yk,t for vertices of
the graph to denote vertices xk,t−2p or yk,t−2p.
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Lemma 1. Let 1 ≤ k < q, 0 ≤ t < 2p and Rx(k) = (d(xk,t , x0,p) + d(yk,t , x0,p)) − (d(xk−1,t , x0,p) +
d(yk−1,t , x0,p)). If p is an even integer then
Rx(k) =
{
4 if p− k+ 1 ≤ t ≤ p+ k
2 otherwise.
If p is an odd integer then
Rx(k) =
{
4 if p− k ≤ t ≤ p+ k− 1
2 otherwise.
That is, for vertices which are below or on the polygon thick line we have Rx(k) = 4, and for vertices which
are above the polygon thick line we have Rx(k) = 2.
As in Lemma 1 we, can compute the subtraction of the summation of distances between y0,p and
first row of graph from the summation of the distances between y0,p and kth row of the graph to
compute d(x0,p)− d(y0,p) in (1).
Lemma 2. Let 2 ≤ k < q, 0 ≤ t < 2p and Ry(k) = (d(xk,t , y0,p) + d(yk,t , y0,p)) − (d(xk−1,t , y0,p) +
d(yk−1,t , y0,p)). If p is an even integer then
Ry(k) =
{
4 if p− k+ 1 ≤ t ≤ p+ k− 2
2 otherwise.
If p is an odd integer then
Ry(k) =
{
4 if p− k+ 2 ≤ t ≤ p+ k− 1
2 otherwise.
Note that, by symmetry of T (p, q) with respect to vertical lines, the summation of distances
between xi,t and all vertices on level i + k is equal to the summation of distances between xi,p and
all vertices on level i + k. The later sum, by symmetry of T (p, q) with respect to horizontal line, is
equal to the summation of distances between x0,p and all vertices on level k in T (p, q). We denote this
number by dx(k). Similarly we denote the summation of distances between y0,p, and all vertices on
level k by dy(k). By symmetry of T (p, q) the summation of distances between xi,t and all vertices on
level i+ k is equal to dx(k) and the summation of distances between yi,t and all vertices on level i+ k
is equal to dy(k).
Lemma 3. Let 0 ≤ k < q. Then
dx(k) =
{
4p2 + 4kp+ 2(k2 + k) if k ≤ p
2p2 + 8kp+ 2p if k > p
and
dy(k) =
{
4p2 + 4kp+ 2(k2 − k) if k ≤ p
2p2 + 8kp− 2p if k > p.
Now we can use Lemma 3 and compute d(u) − d(v) that we need to compute (1). Since for even
or odd value of i each of the inequalities d(xi,0) ≤ d(yi,0) or d(xi,0) ≥ d(yi,0), d(xi,0) ≥ d(xi+1,0) or
d(yi,0) ≥ d(yi+1,0) can happen, in the following corollarywe compute |d(u)−d(v)| for various vertices
u and v.
Corollary 1. Let 0 ≤ i < q. Then for edges xi,0xi+1,0 and yi,0yi+1,0 of the T (p, q) we have
|d(xi,0)− d(xi+1,0)| = |d(yi,0)− d(yi+1,0)| = 4pq− 8p(i+ 1).
Also if q ≤ p, then |d(xi,0)− d(yi,0)| = 2q(q− 1)− 4qi.
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Proof. First note that, since T (p, q) is symmetric with respect to horizontal lines, to find the
summation between xi,0 and all vertices on level k, where k = 0, 1, . . . , i−1, wemust use the formula
for dy(k) instead of dx(k), since the relation between vertex xi,0 and the vertices on level k, where
k = 0, 1, . . . , i− 1, is the relation of vertex yi0 and the vertices on level k, where k = i, i+ 1, . . . , q.
|d(xi,0)− d(yi,0)| =
q−i−1∑
k=1
(dx(k)− dy(k))+
i∑
k=1
(dy(k)− dx(k))
=
q−i−1∑
k=1
4k−
i∑
k=1
4k
= 2q(q− 2i− 1).
Also we have
|d(xi,0)− d(xi+1,0)| =
(
q−i−1∑
k=1
dx(k)−
q−i−2∑
k=1
dy(k)
)
+
(
i∑
k=1
dy(k)−
i+1∑
k=1
dx(k)
)
= −
q−i−2∑
k=1
4k+
i∑
k=1
4k− (4p2 + 4p(i+ 1)+ 2((i+ 1)2 − i− 1))
+ (4p2 + 4p(q− i− 1)+ 2((q− i− 1)2 − q+ i+ 1))
= 4p(q− 2i− 2).
This completes the proof of the Corollary. 
Now we can use Corollary 1 and compute the Szeged index of short T (p, q).
Theorem 2. If q ≤ p, then Szeged index of G := T (p, q) nanotubes is given by
Sz(G) = pq
3
(−2q4 + (64p2 + 2)q2 − 16p2) .
Proof. By Theorem 1, we have
Sz(G) = 1
4
(
n2m−
∑
e∈E(G)
(d(u)− d(v))2
)
= 1
4
(
(4pq)2(4pq+ qp+ 2p(q/2− 1))−
q−1∑
i=0
2p−1∑
t=0
(d(xit)− d(yit))2
−
q/2−1∑
i=1
2p−1∑
t=0
(d(x2i−1,t)− d(x2i,t))2 −
q/2∑
i=1
2p−1∑
t=0
(d(y2i−1,t)− d(y2i−2,t))2
)
.
Therefore by Corollary 1 we have
Sz(G) = 1
4
(
(4pq)2(6pq− 2p)− 2p
(
q−1∑
i=0
(d(xi0)− d(yi0))2 +
q−2∑
i=0
(d(xi,0)− d(xi+1,0))2
))
= 1
4
(
(4pq)2(6pq− 2p)− 2p
[
q−1∑
i=0
(2q(q− 2i− 1))2 +
q−2∑
i=0
(4p(q− 2i− 2))2
])
= pq
3
(−2q4 + (64p2 + 2)q2 − 16p2) .
So the proof is complete. 
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To compute the Szeged index of long T (p, q) similar to that of the short casewe prove the following
corollary.
Corollary 2. Let q > p and 0 ≤ i < q. Then if i ≤ p
|d(xi,0)− d(yi,0)| =
{
4p(q− i)− 2p(p+ 1)− 2(i2 + i) if i < q− p
2q(q− 2i− 1) if i ≥ q− p.
If i > p, then
|d(xi0)− d(yi0)| =
{
4p(q− 2i− 1) if i < q− p
2
(
(p2 + q2)− (p+ q)(2i+ 1)+ (i2 + i)) if i ≥ q− p.
Proof. First suppose that 0 ≤ i < q. Since T (p, q) is symmetric with respect to horizontal lines,
to find the summation between xi,0 and all vertices on level k, where k = 0, 1, . . . , i − 1, we must
use the formula for dy(k) instead of dx(k), since the relation between vertex xi,0 and the vertices on
level k, where k = 0, 1, . . . , i − 1, is the relation of vertex yi,0 and the vertices on level k, where
k = i, i+ 1, . . . , q.
Now if i ≤ p then for all i ≥ q− p, by Lemma 3 we have
|d(xi,0)− d(yi,0)| =
q−i−1∑
k=1
(dx(k)− dy(k))+
i∑
k=1
(dy(k)− dx(k))
=
q−i−1∑
k=1
4k−
i∑
k=1
4k
= 2q(q− 2i− 1)
and if i < q− p, then
|d(xi,0)− d(yi,0)| =
(
p∑
k=1
(dx(k)− dy(k))+
q−i−1∑
k=p+1
(dx(k)− dy(k))
)
+
i∑
k=1
(dy(k)− dx(k))
=
p∑
k=1
4k+
q−i−1∑
k=p+1
4p−
i∑
k=1
4k
= 4p(q− i)− 2p(p+ 1)− 2(i2 + i).
Now suppose i > p then for i ≥ q− p by Lemma 3 we have
|d(xi,0)− d(yi,0)| =
q−i−1∑
k=1
(dx(k)− dy(k))+
(
p∑
k=1
(dy(k)− dx(k))+
i∑
k=p+1
(dy(k)− dx(k))
)
=
q−i−1∑
k=1
4k−
p∑
k=1
4k−
i∑
k=p+1
4p
= 2 ((p2 + q2)− (p+ q)(2i+ 1)+ i2 + i)
and if i < q− p
|d(xi,0)− d(yi,0)| =
(
p∑
k=1
(dx(k)− dy(k))+
q−i−1∑
k=p+1
(dx(k)− dy(k))
)
+
(
p∑
k=1
(dy(k)− dx(k))+
i∑
k=p+1
(dy(k)− dx(k))
)
1140 A. Heydari, B. Taeri / European Journal of Combinatorics 30 (2009) 1134–1141
= −
p∑
k=1
4k+
q−i−1∑
k=p+1
4p−
p∑
k=1
4k−
i∑
k=p+1
4p
= 4p(q− 2i− 1).
This completes the proof. 
Now the Szeged index of long T (p, q) can be computed by using Corollary 2 in two cases p < q ≤ 2p
and q > 2p.
Theorem 3. If q > p, then Szeged index of long TUC4C8(S) nanotubes is given by
Sz(G) =

p
15
(
12p5 − 80qp4 + (160q2 − 20)p3 + 200q3p2
+ (20q4 − 60q2 + 8)p− 2q(q4 − 5q2 + 4)) if q ≤ 2p
p2
15
(−52p4 + 80qp3 + 60p2 + (280q3 − 120q)p− 8) if q > 2p.
Proof. As in the proof of Theorem 2, we have
Sz(G) = 1
4
(
n2m−
∑
e∈E(G)
(d(u)− d(v))2
)
= 1
4
(
(4pq)2(6pq− 2p)− 2p
[
q−1∑
i=0
(d(xi0)− d(yi0))2 +
q−2∑
i=0
(
d(xi,0)− d(xi+1,0)
)2])
.
If q ≤ 2p, by Corollary 2
Sz(G) = 1
4
(
(4pq)2(6pq− 2p)− 2p
[
q−p−1∑
i=0
(
4p(q− i)− 2p(p+ 1)− 2(i2 + i))2
+
p∑
i=q−p
(2q(q− 2i− 1))2 +
q−1∑
i=p+1
(
2[(p2 + q2)
− (p+ q)(2i+ 1)+ i2 + i])2 + q−2∑
i=0
(4pq− 8p(i+ 1))2
])
= p
15
(
12p5 − 80pq4 + (160q2 − 20)p3 + 200q3p2
+ (20q4 − 60q2 + 8)p− 2q(q4 − 5q2 + 4)) .
Now if q > 2p, by Corollary 2
Sz(G) = 1
4
(
(4pq)2(6pq− 2p)− 2p
[
p∑
i=0
(
4p(q− i)− 2p(p+ 1)− 2(i2 + i))2
+
q−p∑
i=p+1
(4p(q− 2i− 1))2 +
q−1∑
i=q−p+1
(
2[(p2 + q2)− (p+ q)(2i+ 1)+ i2 + i])2
+
q−2∑
i=0
(4pq− 8p(i+ 1))2
])
= p
2
15
(−52p4 − 80pq3 + 60p2 + (280q3 − 120q)p− 8)
which completes the proof. 
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